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[RACT

theory of deterministic sequencing and scheduling has expanded
idly during the past years. We survey the state of the art with
>ect to optimization and approximation algorithms and interpret
se in terms of computational complexity theory. Special cases
sidered are single machine scheduling, identical, uniform and
xlated parallel machine scheduling, and open shop, flow shop
job shop scheduling. This paper is a revised version of the
sey by Graham et al. (Ann. Discrete Math. 5(1979)287-326), with
1asis on recent developments. N

INTRODUCTION

this paper we attempt to survey the rapidly expanding area of
arministic scheduling theory. Although the field only dates back
the early fifties, an impressive amount of literature has been
ated and the remaining open problems are currently under heavy
ack. An exhaustive discussion of all available material would
impossible - we will have to restrict ourselves to the most sig-
icant results, paying special attention to recent developments
omitting detailed theorems and proofs. For further information
reader is referred to the classic book by Conway, Maxwell and
ler [Conway et al. 1967], the introductory textbook by Baker

<er 1974], the advanced expository articles collected by Coffman
ffman 1976] and a few survey papers and theses [Bakshi & Arora
9; Lenstra 1977; Liu 1976; Rinnooy Kan 1976]. This paper itself
a revised and updated version of a recent survey [Graham et al.

2].




The outline of the paper is as follows. Section 2 introduces

'ssential notation and presents a detailed problem classifica-
Sections 3, 4 and 5 deal with single machine, parallel

ne, and open shop, flow shop and job shop problems, respec-

Y- In each section we briefly outline the relevant complexity

ts and optimization and approximation algorithms. Section 6

.ins some concluding remarks.

We shall be making extensive use of concepts from the theory

mputational complexity [Cook 1971; Karp 1972]. Several intro-

'ry surveys of this area are currently available [Karp 1975;

' & Johnson 1979; Lenstra & Rinnooy Kan 1979] and hence terms
(pseudo) polynomial-time algorithm and (binary and unary) NP-

less will be used without further explanation.

\OBLEM CLASSIFICATION

Introduction
'se that n jobs Jj (Jj = 1,...,n) have to be processed on m
nes Mj (i = 1,...,m). Throughout, we assume that each machine

rocess at most one job at a time and that each job can be
:ssed on at most one machine at a time. Various job, machine
i«cheduling characteristics are reflected by a three-field prob-
lassification alBly, to be introduced in this section.

Job data

e first place, the following data can be specified for each

a number of operations my;

one Or more processing times pj or pPij, that J4 has to spend
on the various machines on which it requires processing;

a release date rj, on which Jj becomes available for process-
ing;

a due date dj, by which Jj should ideally be completed;

a weight Wy indicating the relative importance of Jqi

a nondecreasing real cost function tj, measuring the cost
f4(t) incurred if J4 is completed at time t.

neral, mj, Pj, Pij, Xj, dj and Wj are integer variables.

Machine environment

all now describe the first field a = ajo) specifying the

ne environment. Let o denote the empty symbol.

If a1 € {°,P,Q,R}, each Jj consists of a single operation that
e processed on any Mj; the processing time of Jj on Mj is pjj.
‘our values are characterized as follows:

01 = ©: single machine; P13y = Pji

aq = P: identical parallel machines; pij = pj (L =1,...,m);




01 = Q: uniform parallel machines; Pij = pj/qi for a given

speed gi of Mj (i =1,...,m);

a1 = R: unrelated parallel machines.
t{ = O, we have an open shop, in which each J4 consists of a
of operations {Olj,.-.,Omj}. 0j4 has to be processed on Mj
ing pij time units, but the order in which the operations are
;uted is immaterial. If a1 € {F,J}, an ordering is imposed on
set of operations corresponding to each job. If a1 = F, we have
low shop, in which each Jj consists of a chain (Olj,...,Omj).
has to be processed on Mj during pij time units. If a1 = J, we
> a job shop, in which each Jj consists of a chain (O1j,...,0mjj)
has to be processed on a given machine Hij during Pi time

:s, with Mi-1,7 z Ui for i = 2,...,mj.
If oy is a positive integer, then m is constant and equal to
If ap = o, then m is assumed to be variable. Obviously, 01 = °

and only if ap = 1.

Job characteristics

second field B c {81,...,85} indicates a number of job charac-
istics, which are defined as follows.
B1 ¢ {pmtn,e}
B1 = pmtn : Preemption (job splitting) is allowed: the pro-
cessing of any operation may be interrupted and
resumed at a later time.

B = © : No preemption is allowed.
By € {prec,tree,c}
Bo = prec : A precedence relation - between the jobs is speci-

fied. It is derived from a directed acyclic graph
G with vertex set {1,...,n}. If G contains a
directed path from j to k, we write Jy > Jk and
require that J5 is completed before Jx can start.

By = tree : G is a rooted tree with either outdegree at most
one for each vertex or indegree at most one for
each vertex.

By = © : No precedence relation is specified.
83 € {rjro}
B3y = r : Release dates that may differ per job are specifiec
B3z = © :Allrj=0.
84 € {mjsfﬁ,O}
Bg = mj$ﬁ : A constant upper bound on m is specified (only
if aq = J).
Ba = o : All my are arbitrary integers.
Bs € {pj4=t1,°}
Bg = pij=1: Each operation has unit processing time (if
ayg € {°,P,Q}, we write pj=1; if aj; = R, pjj=1 will
not occur).
Bg = o : All Pij (pj) are arbitrary integers.




Optimality criteria

third field v € {fpax,Lf4} refers to the optimality criterion
an. Given a schedule, we can compute for each Jy:

the completion time Cj;

the lateness Lj = Cj—d-;

the tardiness T = max?O,Cj—dj};

the unit penalty Uy = 0 if Cj < dj, Uj = 1 otherwise.
>ptimality criteria most commonly chosen involve the minimiza-
of

frnax € {Cmax'Lmax}

2 fhax = man{fj(Cj)} with fj(Cj) = Cj,Lj, respectively, or

ij € {ZCj,ZTj,ZUj,ZWjCj,ZWjTj,ZWjUj}

2 5 = Z%;l fj(Cj) with fj(Cj) = Cj,Tj,Uj,WjCj,WjTj,WjUj,
actively.
It should be noted that LwyCy and IwyLy differ by a constant
and hence are equivalent. Furthermore, any schedule minimi-
Lpax also minimizes Tpax and Upgy, but not vice versa.
The optimal value of y will be denoted by Y*, the value pro-
1 by an (approximation) algorithm A by y(A). If a known upper
i1 p on y(A)/y* is best possible in the sense that examples

: for which y(A)/y* equals or asymptotically approaches p, this
be denoted by a dagger (%).

Examples

2c|Lpayx : minimize maximum lateness on a single machine sub-
ject to general precedence constraints. This problem can be
solved in polynomial time (Section 3.2).

tanCj : minimize total completion time on a variable number
of unrelated parallel machines, allowing preemption. The com-
plexity of this problem is unknown (Section 4.4.3).

szl‘cmax : minimize maximum completion time in a 3-machine
job shop with unit processing times. This problem is NP-hard
(Section 5.4.1).

Reducibility among scheduling problems

scheduling problem in the class outlined above corresponds to
-tuple (vg,...,vg), where vj is a vertex of graph Gj drawn in
cel (i=20,...,6). For two problems P' = (vé,...,vé) and P =
...,v6), we write P' - P if either vi = v or Gy contains a
>ted path from vi to Vi for i = 0,...,6. The reader should

y that P' » P implies P' « P. The graphs thus define elemen-
reductions among scheduling problems. It follows that

if P' - P and P is well solved, then P' is well solved;

if P' » P and P' is NP-hard, then P is NP-hard.




> INGLE MACHINE PROBLEMS

Introduction

single machine case has been the object of extensive research

© since the seminal work by Jackson [Jackson 1955] and Smith

th 1956]. We will give a brief survey of the principal results,
ssifying them according to the optimality criterion chosen. As
:mneral result, we note that if all ry = 0 we need only consider
:dules without preemption and without machine idle time [Conway
1. 1967].

Minimizing maximum cost

ucial result in this section is an O(nz) algorithm to solve
ec|fpayx for arbitrary nondecreasing cost functions [Lawler
}]. At each step of the algorithm, let S denote the index set
inscheduled jobs, let p(S) = Zjes Py, and let S' ¢ S indicate




obs all whose successors have been scheduled. One selects Jk

he last position among {Jj!j € S} by requiring that

S)) < fj(p(S)) for all j € s'.

This method has been generalized to an O(n?) algorithm for

‘n,prec,rj|fmax [Baker et al. 1982]7. First, the release dates

iodified such that r4j+p4y < rkx whenever J; - Jx. Next, the jobs
cheduled in order of nondecreasing release dates; this creates

ber of blocks that can be considered separately. From among

obs without successors in a certain block, a job Jx that

S minimum cost when put in the last position is selected, the
jobs in the block are rescheduled in order of nondecreasing
se dates, and Jy is assigned to the remaining time intervals.

peated application of this procedure to each of the resulting

ocks, one obtains an optimal schedule with at most n-1 preemp-
in 0(n?) time.

The remainder of this section deals with nonpreemptive Lpax

ems. The general 1|rj|Lmax problem is unary NP-hard [Lenstra

. 1977]. However, polynomial algorithms exist if all ry are

, all dj are equal, or all pj are equal. The first case is

d by a specialization of Lawler's method, known as Jackson's
[Jackson 1955]: schedule the jobs in order of nondecreasing
ates. The second case is solved similarly by scheduling the

in order of nondecreasing release dates.

As to the third case, 1|rj,pj=1|LmaX is solved by the extended

on's rule: at any time, schedule an available job with small-

ue date. The problem 1|rj,pj=p!LmaX, where p is an arbitrary
er, requires a more sophisticated approach [Simons 1978]. Let

rst consider the simpler problem of finding a feasible sched-
ith respect to given release dates r: and deadlines d:. If
cation of the extended Jackson's rulé yields such a schedule,

e finished; otherwise, let Jg be the first late job and let
the last job preceding Jy such that dp > dy. If Jy does not

+ there is no feasible schedule; otherwise, the only hope of

ning such a schedule is to postpone Jx by forcing it to yield

dence to the set of jobs currently between Jk and Jyg. This is

ved by declaring the interval between the starting time of Jxk

he smallest release date of this set to be a forbidden region

ich no job is allowed to start and applying the extended

on's rule again subject to this constraint. Since at each

tion at least one starting time of the form rj+hp (1 £ 3,h < n)
cluded, at most n? iterations will occur and the feasibility
ion is answered in O(n3log n) time. An improved implementation
res only O(n log n) time [Garey et al. 1981a]. Bisection search
the possible Lpay values leads to a polynomial algorithm for
P3=P | Lnax-

These three special cases remain well solved in the presence
ecedence constraints. It suffices to update release and due
such that ry < rx and dj < dg whenever Jj + Jx [Lageweg

. 1976].

Various elegant enumerative methods exist for solving




rec,r:|Lpax. Baker and Su [Baker & Su 1974] obtain a lower bound
allowing preemption; their enumeration scheme simply generates
active schedules, i.e. schedules in which one cannot decrease
starting time of an operation without increasing the starting

e of another one. McMahon and Florian [McMahon & Florian 1975]
pose a more ingenious approach; a slight modification of their
orithm allows very fast solution of quite large problems

geweg et al. 1976]. Carlier [Carlier 1980)] describes a related
hod of comparable efficiency.

y little work has been done on worst-case analysis of approxi-
ion algorithms for single machine problems. For 1lr | Lmax

ts [Potts 1980B] presents an iterative version of the extended
kson's rule (IJ) and shows that, if ry 2 0 and dj <0

= 11---In)l

3
LmaX(IJ)/L;I*IaX < 5- ()

. Minimizing total cost

1. 1|8|ZWjCj

case 1HZWJCJ can be solved in O(n log n) time by Smith's rule:
edule the jobs according to nonincreasing ratios wj/p [Smith
6]. If all weights are equal, this amounts to the SPT rule of
cuting the jobs on the basis of shortest processing time first,
ule that is often used in more complicated situations without
h empirical, let alone theoretical, support for its superior
lity (cf. Section 5.4.2).

This result has been extended to O(n log n) algorithms that
1 with tree-like [Horn 1972; Adolphson & Hu 1973; Sidney 1975]
even series-parallel [Lawler 1978] precedence constraints; see
olphson 1977] for an 0(n3) algorithm covering a slightly more
eral case. The crucial observation to make here is that, if
» Jk with wy/pj < wyx/pk and if all other jobs either have to
cede Jj, succeed Jx, Or are incomparable with both, then Jj and
are adjacent in at least one optimal schedule and can effective-
be treated as one job with processing time P§+Pk and weight
Wk . By successive application of this device, starting at the
tom of the precedence tree, one will eventually obtain an opti-

schedule. Addition of general precedence constraints results
NP-hardness, even if all pj = 1 or-all wy = 1 [Lawler 1978;
stra & Rinnooy Kan 1978].

If release dates are introduced, 1lrleCj is already unary
hard [Lenstra et al. 1977]. In the preemptive case,
mtn, x4 IZC can be solved by an obvious extension of Smith's
e, but surprlslngly, 1| pmtn,xs |Zw3CJ is unary NP-hard
betoulle et al. 1979].

For llrlechj, several elimination criteria and branch-and-
nd algorithms have been proposed [Rinaldi & Sassano 1977;
nco & Ricciardelli 1981; Hariri & Potts 1981].




’jTj is a unary NP-hard problem [Lawler 1977; Lenstra et al.

|, for which various enumerative solution methods have been

)sed. Elimination criteria developed for the problem [Emmons
Shwimer 1972] can be extended to the case of arbitrary non-

:asing cost functions [Rinnooy Kan et al. 1975]. Lower bounds

e based on a linear assignment relaxation using an underesti-

of the cost of assigning Jj to position k [Rinnooy Kan et al.

'+, a fairly similar relaxation to a transportation problem

lers & Kleindorfer 1974, 1975], and relaxation of the require-

that the machine can process at most one job at a time

ler 1976].,In the latter approach, one attaches "prices"

» Lagrangean multipliers) to each unit-time interval. Multi-

" values are sought for which a cheapest schedule does not

‘te the capacity constraint. The resulting algorithm is quite

:ssful on problems with up to 50 jobs, although a straightfor-

but cleverly implemented dynamic programming approach [Baker

rage 1978] offers a surprisingly good alternative.

If all Py = 1, we have a simple linear assignment problem,

'ost of assigning J4 to position k being given by fj(k). If

'y = 1, the problem can be solved by a pseudopolynomial algo-

| in O(n“ij) time [Lawler 1977]; the computational complexity
IETj with respect to a binary encoding remains an open question.

Addition of precedence constraints yields NP-hardness, even
Iprec,pj=1lZTj [Lenstra & Rinnooy Kan 1978].

If we introduce release dates, 1|rj,pj=1lZw-Tj can again be

d as a linear assignment problem, whereas l?rleTj is obvi-

" unary NP-hard.

. 1[B‘ZWjUj

gorithm due to Moore [Moore 1968] allows solution of 1[!EUj
n log n) time: jobs are added to the schedule in order of
creasing due dates, and if addition of J4 results in this job
- completed after dj, the scheduled job with the largest pro-
ng time is marked to be late and removed. This procedure can
tended to cover the case in which certain specified jobs have
on time [Sidney 1973]; the further generalization in which
have to meet given deadlines occurring at or after their due
is binary NP-hard [Lawler -J]. The problem also remains solv-
in O(n log n) time if we add agreeable weights (i.e.,

Pk = w5 2 wx) [Lawler 1976A] or agreeable release dates (i.e.,
dg = ry < rg) [Kise et al. 1978]. 1|[ZWjUj is binary NP-hard
1972], but can be solved by dynamic programming in O(anj)

[Lawler & Moore 1969].
Again, llprec,pj=1|ZUj is NP-hard [Garey & Johnson 19767,
for chain-like precedence constraints [Lenstra & Rinnooy Kan

Of course, 1|rj|ZUj is unary NP-hard, but dynamic programming




hniques can be applied to solve 1|pmtn,rj|EUj in 0(n®) time and
mtn,r4|ZwiU5 in 0(n®(Zw4)3) time [Lawler -].

1|1ZwjU4, Sahni [Sahni 1976] presents algorithms Ay with
k) running time such that

= = 1

Tw . U.(A )/Zw U* > 1 - =

j3k 33 k'
re U; = 1—Uj. For 1[treelijUj, Ibarra and Kim [Ibarra & Kim

3] give algorithms By of order O(knK*2) with the same worst-
2 error bound.

PARALLEL MACHINE PROBLEMS

. Introduction

all from Section 2.3 the definitions of identical, uniform and
2lated machines, denoted by P, Q and R, respectively.

Nonpreemptive parallel scheduling problems tend to be diffi-
t. This can be inferred immediately from the fact that P2||Cpax
P2||ZWjCj are binary NP-hard [Bruno et al. 1974; Lenstra et al.
7). If we are to look for polynomial algorithms, it follows that
should either restrict attention to the special case py =1, as
Jo in Section 4.2, or concern ourselves with the ZCj criterion,
ve do in the first three subsections of Section 4.3. The remain-
part of Section 4.3 is entirely devoted to enumerative optimi-
ion methods and approximation algorithms for various NP-hard
>lems.

The situation is much brighter with respect to preemptive
1llel scheduling. For example, P|pmtn|Cpsyx has long been known
idmit a simple O(n) algorithm [McNaughton 1959]. Many new
1lts for the ICj, Cmax, Lmax LU5 and IwjU4j criteria have been
1ined quite recently. These are summarized in Section 4.4. With
>ect to other criteria, P2|pmtn|ZWjCj turns out to be NP-hard
> Section 4.4.1). Little is known about PIpmtn!ZTj, but we know
n Section 3.3.2 that 1Ipmtn|ZWjTj is already NP-hard.

Nonpreemptive scheduling: unit processing times

1. Qlp3=11Zf4, Qlpj=1lfpax

imple transportation network model provides an efficient solu-
1 method for Qij=1|ij and Q[Pj=1|fmax-

Let there be n sources j (j = 1,...,n) and mn sinks (i,k)
=1,...,m, k =1,...,n). Set the cost of arc (3,(i,k)) equal to

¢ = fj(k/qi). The arc flow xjjk is to have the interpretation:

K ar = {1 if J4 is executed on Mj in the k-th position,
ijk 0 otherwise.
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boy Kan 1978
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2.
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1961; Hsu 19
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. At the beg
>ssible are
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n is a nonpr
step the av
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also be view
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If the prec
2 job has at
ted to minim
>st one pred
cker et al.
ness results
ints other t
oinations of
av 1981; Gar
P2]prec,pj=

» minimize

}

or maxi,j,k{cijkxijk

r all j,
r all i,k,
r all i,j, k.

repare the data for this transportation prob-
ul analysis reveals that the problem can be
n 0(n3) time. Since we may assume that m < n,
me is O(n3).

special case Plpj=1[ZUj can be solved in

r 1976A]. The problem P|rj,pj=p|Lpax is

time by an extension of the corresponding
hm (see Section 3.2) [Simons 1980].

X

own to be NP-hard [Ullman 1975; Lenstra &
is an open question whether this remains
value of m 2 3. The problem is well solved,
ence relation is of the tree-type or if

can be solved in O(n) time by Hu's algorithm
thi 1976A]. The level of a job is defined as
the unique path. to the root of the precedence
- of each time unit, as many available jobs
led on the m machines, where highest priority
with the largest levels. Thus, Hu's algo-
ve list scheduling algorithm, whereby at
e job with the highest ranking on a priority
e first machine that becomes available. It
a critical path scheduling algorithm: the
one which heads the longest current chain

constraints are in the form of an intree
one successor), then Hu's algorithm can be
ax; in the case of an outtree (each job has
r), the Lpyyx problem turns out to be NP-hard

There are some recent algorithmic and NP-
rning Plprec,py=11Cy . for precedence con-
trees or outtrees, such as opposing forests
es and outtrees), level graphs, and so forth
al. 1981B; Warmuth 1980].
- can be solved by various polynomial algo-
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ms [Fujii et al. 1969, 1971; Coffman & Graham 1972; Gabow 1980].

In the approach due to Fujii et al., an undirected graph is
itructed with vertices corresponding to jobs and edges {j,k}
lever Jj and Jy can be executed simultaneously, i.e., Jj # Jyx
Ik # Jj. An optimal schedule is then derived from a maXimum
linality matching in the graph. Such a matching can be found in
') time [Lawler 1976B].

The Coffman-Graham approach leads to an O(nz) list algorithm.
it the jobs are labelled in the following way. Suppose labels
-k have been applied and S is the subset of unlabelled jobs
of whose successors have been labelled. Then a job in S is
n the label k+1 if the labels of its immediate succesors are
cographically minimal with respect to all jobs in S. The prior-
list is given by ordering the jobs according to decreasing la-
. It is possible to execute this algorithm in time almost linear
« plus the number of arcs in the precedence graph, if the graph
fiven in the form of a transitive reduction [Sethi 1976BJ]."

Recently, Gabow developed an algorithm which has the same
ing time, but which does not require such a representation of
precedence graph.

Garey and Johnson present polynomial algorithm for this prob-
where, in addition, each job becomes available at its release
t and has to meet a given deadline. In this approach, one proc-
s the jobs in order of increasing modified deadlines. This
fication requires 0(n?) time if all r. = 0 [Garey & Johnson
] and 0(n3) time in the general case EGarey & Johnson 1977].

We note that Plprec,pj=1|ZCj is NP-hard [Lenstra & Rinnooy
1978]. Hu's algorithm does not yield an optimal ZCj schedule
he case of intrees, but in the case of outtrees critical path

duling minimizes both C__ ., and IC; [Rosenfeld -]. The Coffman-

am algorithm also minimizes ZCj [Garey -1.

‘ar as approximation algorithms for P!prec,pj=1|CmaX are con-

.ed, the NP-hardness proof given in [Lenstra & Rinnooy Kan 1978]
ies that, unless P = NP, the best possible worst-case bound for

lynomial-time algorithm would be 4/3. The performance of both
algorithm and the Coffman-Graham algorithm has been analyzed.
When critical path (CP) scheduling is used, Chen and Liu

n 1975; Chen & Liu 1975] and Kunde [Kunde 1976] show that

% form = 2,
CmaX(CP)/C* < S { 1 ()
ma 2 — —— for m > 3.

m-1

and Sethi [Lam & Sethi 1977] use the Coffman-Graham {CG) algo-
m to generate lists and show that

C (CG) /c* <2 -= (m2=2). (t)
max max

S denotes the algorithm which schedules as the next job the




1aving the greatest number of successors then it can be shown
'ra & Kim 1976] that

C (ss)/c* < 4 for m = 2. ()
max max 3

»les show that this bound does not hold for m > 3.

-ly, we mention some results for the more general case in which
5 € {1,k}. Both P2|prec,pj€{1,2}|Cmax and P2[prec,pj€{1,2}|ZCj
IP-hard [Ullman 1975; Lenstra & Rinnooy Kan 1978]. For
~ec,pje{l,k}lcmax, Goyal [Goyal 1977] proposes a generalized
.on of the Coffman-Graham algorithm (GCG) and shows that

g for k = 2,

C (GCG) /Cc* < (+)
max max §__ 1 for k > 3
2 2k T

Nonpreemptive scheduling: general processing times

P|[ZWjCj

‘ollowing generalization of the SPT rule for 1]1Zcy (see Sec-
3.3.1) solves PIIZCj in O(n log n) time [Conway et al. 1967].
e n = km (dummy jobs with zero processing times can be added
't) and suppose Py £ ... £ pp. Assign the m jobs J(§-1)m+1,
)m+2,...,ij to m different machines (j = 1,...,k) and exe-
the k jobs assigned to each machine in SPT order.
With respect to PIIZWjCj, Eastman, Even and Isaacs [Eastman
. 1964] show that after renumbering the jobs according to
creasing ratios wy/p5 ‘

1.n

1 n 3 1.n
Iw,C,(LS) - =L, ,w.p. = —(I .=x W, - =L, ,w.p.). (1)
i3 2 j=1 ]pJ m  j=1 k=1 ka 2 3=1 JpJ

1lows from this inequality that

m+n n J
*x > ——
IWiCY 2 DDy Fi=1 Tk=1 YiPy -
lmaghraby & Park 1974; Barnes & Brennan 1977] branch-and-
algorithms based on this lower bound are developed.

[Sahni 1976] constructs algorithms Ay (in the same spirit as
g k P
pproach for 1IIZWjUj mentioned in Section 3.3.3) with
2x)ym-1) running time for which
1

IWw.C. (A )/Iw.C* < 1 + —,
J 3 By Jj 3 k

= 2, the running time of Ay can be improved to 0(n2k).
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2. QIIZCj

algorithm for solving P||ICy given in the previous section can
reneralized to the case of uniform machines [Conway et al. 1967].
is the k-th last job executed on Mi, a cost contribution
= kpj/qi is incurred. ZCj is a weighted sum of the pj and is
mized by matching the n smallest weights k/qi in nondecreasing
'xr with the pjy in nonincreasing order. The procedure can be im-
iented to run in O(n log n) time [Horowitz & Sahni 1976].

3. R |):Cj

.Cy can be formulated and solved as an mXn transportation prob-
[Horn 1973; Bruno et al. 1974]. Let

_ {1 if Jj is the k-th last job executed on Mj,

X =
ijk 0 otherwise.

1 the problem is to minimize

m n n

X p)

i=1 Z3=1 k=1 ¥Pi¥i4k
ject to

m n .

Zi=1 k=1 ¥ijk ~ 1 for all j,

n

< .
Zj=1 xijk <1 for all ik,
Xijk =0 for all i,j, k.

5 problem, like the similar one in Section 4.2.1, can be solved
)(n3) time.

.4. Other cases: enumerative optimization methods

7e noted in Section 4.1, P2||Cpax and P2||IwjCy are NP-hard.
e it seems fruitless to attempt to find polynomial-time opti-
ition algorithms for criteria other than ICj. Moreover,
:ree|ZCs is known to be NP-hard, both for intrees and outtrees
chi 1977]. It follows that it is also not possible to extend
above algorithms to problems with precedence constraints. The
/ remaining possibility for optimization methods seems to be
licit enumeration.

R||Cpax can be solved by a branch-and-bound procedure de-
ibed in [Stern 1976]. The enumerative approach for identical
1ines in [Bratley et al. 1975] allows inclusion of release dates
deadlines as well.

A general dynamic programming technique [Rothkopf 1966; Lawler
>ore 1969] is applicable to parallel machine problems with the
<r Imax, ZWjCj and ZWjUj optimality criteria, and even to




.ems with the Iw4Tj criterion in the special case of a common
late.

Let us define Fj(t1,...,tm) as the minimum cost of a schedule
ut idle time for Jj,...,Jj subject to the constraint that the
job on Mj is completed at time tj, for i = 1,...,m. Then, in
rase of fpax criteria,

F r ey = i . . N r . - e N & N 2NN r
j(t1 t ) mnlSlSm{max{fj(tl) Fj_l(tl, £t Pi tm)}}

.n the case of ij criteria,

F I"lt = i . f . + . 797 N & Y AT 2 .
j(tl m) mlnlSLSm{‘j(tl) Fj—l(tl tl pl] tm)}

>th cases, the initial conditions are

0 if ty =0 for i =1,..,m,

FO(tl""tm) =L othe;wise.

priate implementation of these equations yields O (mncm-1)
itations for a variety of problems, where C is an upper bound
1e completion time of any job in an optimal schedule. Among

> problems are Plr4|Cnax, Q! |Imax and QllZwjcy. Pl|ZwjUj can
>lved in O(mn(man¥dj})m) time.

Still other dynamic programming approaches can be used to

3 P||ij and P||fpax in O(m*min{3",n27C}) time.

>. Other cases: approximation algorithms
5.1. P||Cpax

1ir the most studied scheduling model from the viewpoint of
>ximation algorithms is P||Cpgy. We refer to [Garey et al.

] for an easily readable introduction into the techniques in-
>d in many of the "performance guarantees" mentioned below.
Perhaps the earliest and simplest result on the worst-case
>rmance of list scheduling is given in [Graham 1966]:

C (LS)/c* <2 - = (1)
max max
1e jobs are selected in LPT order, then the bound can be con-
rably improved, as is shown in [Graham 1969]:
4 1

PT)/C* < = - —/—,
CmaX(L )/ max 3 3m )
newhat better algorithm, called multifit (MF) and based on a
letely different principle, is given in [Coffman et al. 1978].
idea behind MF is to find (by binary search) the smallest
acity" a set of m "bins" can have and still accommodate all
when the jobs are taken in order of nonincreasing pj and each
is placed into the first bin into which it will fit. The set
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jobs in the i-th bin will be pbrocessed by Mj. If k packing at-
ipts are made, the algorithm (denoted by MFx) runs in time
. log n + knm) and satisfies

k

c (MF, )/c* < 1.22 4+ 2~
max k max

note that if the jobs are not ordered b
t can be guaranteed by this method is

m_iT' (+)

y decreasing Pj then all

C (MF) /C* <2 -
max max
following algorithm Zx was introduced in [Graham 1969]: sched-

the k largest jobs optimally, then list schedule the remaining
S arbitrarily. It is shown in [Graham 1969] that

1 [x]

* < + - = —
cmax(zk)/cmax 1 (1 m)/(1 + [mJ)
that when m divides k, this is best possible. Thus,

bound as close to 1 as desired by taking k suf
d>rtunately,

we can make

ficiently large.
the best bound on the running time is O(nkm),

A very interesting algorithm for P||Cpax is given by Sahni

i 1976]. He presents algorithms Ax with O(n(n2k)m-

1) running
* which satisfy

1
* < =
Cmax(Ak)/Cmax =1+ k°

m = 2, algorithm Aj can be improved to run in time 0(n?%k). as
‘he cases of IIIZWjUj (Section 3.3.3) and PIIZWjCj (Section

1), the algorithms Ax are based on a clever combination of
mic programming and rounding and are beyond the scope of the
sent discussion.

Several bounds are available which take into account the pro-
'ing times of the jobs. In [Graham 1969] it is shown that

* < -
Cmax(LS)/CmaX <1+ (m 1)maxj{pj}/2jp..

the case of LPT, Ibarra and Kim [Tbarra & Kim 1977] prove that

2(m-1) .
* < c\m-1) > - .
CmaX(LPT)/Cmax 1+ - for n 2 2(m 1)maxj{pj}/m1nj{pj}

5.2. 0l |Cpax

he literature on approximation algorithms for scheduling prob-
+ it is usually assumed that unforced idleness (UI) of machines
ot allowed, i.e., a machine cannot be idle when jobs are avail-
. In the case of identical machines, UI need not occur in an
mal schedule if there are no pPrecedence constraints or if all
1. Allowing UI may yield better solutions, however, in the

s which are to be discussed in Sections 4.3.5.2-5. The optimal
2 of Cpax under the restriction of no UI will be denoted by




the optimum if UI is allowed by C#,, (UI).

Liu and Liu [Liu & Liu 1974A, 1974B, 1974C] study numerous
:ions dealing with uniform machines. They define the algorithm
3 follows: schedule the k longest jobs first, resulting in a
.etion time of Cx(Ak), and schedule the remaining tasks for a

. completion time of Cpax(Ak). If Cpax(Bk) > Ck(Ax), then

1 1
Cmax(Ak)/C;ax(UI) 1+ 5._ QZiqi
» all g3 2 1 and
[g. ]
. k+1 5 1 k+1
Q = max{mln,{f ]' - 1, }.
j LMl aj qu1qj Z.ay

is best possible when the gj are integers and Ijq; divides k.
Gonzalez, Ibarra and Sahni [Gonzalez et al. 1977] consider
‘ollowing generalization LPT' of LPT: assign each job, in
- of nonincreasing processing time, to the machine on which it
be completed soonest. Thus, unforced idleness may occur in
schedule. They show

c (LPT')/C* < 2 - —3—.

max max m+1

examples are given for which Cpax (LPT')/C#sy approaches 3/2
tends to infinity.

>.3. R||Cnax

little is known about approximation algorithms for this model.
ra and Kim [Ibarra & Kim 1977] consider five algorithms, typi-
>f which is to schedule Jj on the machine that executes it

:st, i.e., on an Mj with minimum pij. For all five algorithms
)y prove '

C (p) /Cc* <m
max max

equality possible for four of the five. For the special case
‘maxr they give an O(n log n) algorithm G such that

C __(G)/c* < 1+/§.
max max 2

(+)

s [Potts -] proposes an R||Cp,yx algorithm based on linear pro-

1ing (LP), the running time of which is polynomial only for

1 m. He proves

C (LP)/C*_ < 2. ) ()
max max

5.4. P|prec|Cpax

1e presence of precedence constraints it is somewhat unexpected
jam 1966] that the 2-(1/m) bound still holds, i.e.,
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C (LS)/Cc* <2 - l:
max max m

, consider executing the set of jobs twice: the first time us-

processing times P precedence constraints, m machines and an
itrary priority list, the second time using processing times

< Pj, weakened precedence constraints, m' machines and a (pos-

ly different) priority list. Then [Graham 1966]

c' (Ls)/c  (Ls) < 1 + =L (+)
max max m

n when critical path (CP) scheduling is used, examples exist
aham -] for which

C (Cp)/C* =2 - lz
max max m

is known [Graham -] that unforced idleness (UI) has the follow-
behavior:

C (Ls)/c* (UI) < 2 - 11 (1)
max max m

- CXax(pmtn) denote the optimal value of Cpayx if preemption is

owed. As in the case of UI, it is known [Graham -] that

C (LS)/C* (pmtn) < 2 - la (1)
max max m
i [Liu 19727 shows that
2
* * < —_—
CmaX(UI)/Cmax(pmtn) < 2 —— (t)

.5.5. Qlprec|Cpax

t and Liu [Liu & Liu 1974B] also consider the presence of prece-
wce constraints in the case of uniform machines. They show that,
n unforced idleness or preemption is allowed,

IA

C (LS)/c* (UI)
x max

o 1+maxi{qi]/mini{qi}—maxi{qi}/Ziqi, ()

Cmax(LS)/C;ax(pmtn) < 1+maxi{qi}/mini{qi}—maxi{qi}/iiqi. (1)

m all g3 = 1 this reduces to the earlier 2-(1/m) bounds for
'se questions on identical machines.

Suppose that the jobs are executed twice: the first time us-
i m machines of speeds d1s---,9p, the second time using m' ma-
nes of speeds qi,...,qnp'- Then

! L * < i ! - .
Cmax( S)/CmaX(UI) maxi{qi}/mlni{qi}+(2iqi maxi{qi})/Ziqi (1)
‘fe [Jaffe 1979] develops an algorithm LSi, that uses list sched-

.ng on the fastest i machines for an appropriately chosen value
i. It is shown that




C (Lsi)/c* (UI) < Vm + O(m1/4)
max max

xamples are given for which the bound vm-1 is approached
rarily closely.

Preemptive scheduling

. P|pmtn[ZCj

orem of McNaughton [McNaughton 1959] states that for

n[ZWjCj there is no schedule with a finite number of preemp-
which yields a smaller criterion value than an optimal non-

ptive schedule. The finiteness restriction can be removed by

priate application of results from open shop theory. It there-
follows that the procedure of Section 4.3.1 can be applied to
PIpmtnIZCj. It also follows that P2lpmtn|ZWjCj is NP-hard,
P2||ZWjCj is known to be NP-hard.

- Qlpmtn|zcy

ghton's theorem does not apply to uniform machines, as can be
strated by a simple counterexample. There is, however, a poly-
1 algorithm for QIpmtniZCj.

One can show that there exists an optimal preemptive schedule
ich C§ < Ckx if pj < px [Lawler & Labetoulle 1978]. Accordingly,
. place the jobs in SPT order. Then obtain an optimal schedule
eemptively scheduling each successive job in the available

on the m machines so as to minimize its completion time

alez 1977]. This procedure can be implemented in O(n log n + mn)
and yields an optimal schedule with no more than (m-1) (n-3m)
ptions. It has been extended to cover the case in which ZICs
nimized subject to a common'deadline for all jobs [Gonzalez

. RIpmtanCj

little is known about RlpmtanCj. This remains one of the
vexing questions in the area of preemptive scheduling.

. P|pmtn, prec|Cpax

vious lower bound on the value of an optimal P|pmtn]|Cpzx
ule is given by

}.

1
max{max_{p.}, = %.p.
5P37 m *3P;
edule meeting this bound can be constructed in O(n) time
ughton 1959]: just fill the machines successively, scheduling
obs in any order and splitting a job whenever the above time
. is met. The number of preemptions occurring in this schedule
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at most m-1. It is possible to design a class of problems for
ch this number is minimal, but the general problem of minimiz-
the number of preemptions is easily seen to be NP-hard.

In the case of precedence constraints, Plpmtn,prec,pj=1lcmax
ns out to be NP-hard [Ullman 1976], but P|pmtn,tree|Cpax and
pmtn, prec|Cpax can be solved by a polynomial-time algorithm due
Muntz and Coffman [Muntz & Coffman 1969, 1970]. This is as
lows.

Define £4(t) to be the level of a J4 wholly or partly unexe-
2ad at time t. Suppose that at time t m' machines are available

that n' jobs are currently maximizing 24(t). If m' < n', we
ign m'/n' machines to each of the n' jobs, which implies that

h of these jobs will be executed at speed m'/n'. If m' = n', we
ign one machine to each job, consider the jobs at the next

hest level, and repeat. The machines are reassigned whenever a
is completed or threatens to be processed at a higher speed

n another one at a currently higher level. Between each pair of
cessive reassignment points, jobs are finally rescheduled by

ns of McNaughton's algorithm for P|pmtn|Cpax. The algorithm
uires 0(n?) time [Gonzalez & Johnson 19801].

Gonzalez and Johnson [Gonzalez & Johnson 1980] have developed
otally different algorithm that solves P|pmtn,tree|Cpax by
rting at the roots rather than the leaves of the tree and de-
mines priority by considering the total remaining processing
e in subtrees rather than by looking at critical paths. The
orithm runs in O(n log m) time and introduces at most n-2 pre-
tions into the resulting optimal schedule. '

and Sethi [Lam & Sethi 1977], much in the same spirit as their
k mentioned in Section 4.2.2, analyze the performance of the
tz-Coffman (MC) algorithm for P|pmtn,prec|Cpax. They show

C (MC)/c* <2 - 2 (m = 2). ()
max max m
.5. Qlpmtn, prec|Cpax

vath, Lam and Sethi [Horvath et al. 1977] adapt the Muntz-
fman algorithm to solve Q|pmtn|Cpax and Q2|pmtn,prec|Cpax in
n?) time. This results is an optimal schedule with no more
n (m-1)n? preemptions.
A computationally more efficient algorithm due to Gonzalez
Sahni [Gonzalez & Sahni 1978B] solves Q|pmtn|Cy ., in O(n) time,
the jobs are given in order of nonincreasing Py and the machines
order of nonincreasing gj. This procedure yields an optimal
edule with no more than 2(m-1) preemptions, which can be shown
be a tight bound.
The optimal value of Cpax is given by

k k n m
maX{max1$kSm—1{Zj=1 pj/Zi=1 qa; } Zj=1pj/zi=1 a; }




! P1 2 ... 2 ppand g1 2 ... 2 gp.- This result generalizes the
fiven in Section 4.4.4.

The Gonzalez-Johnson algorithm for P|pmtn,tree|Cpyy mentioned

le previous section can be adapted to the case Q2|pmtn,tree|Cpax-

» [Jaffe 1980] studies the performance of maximal usage sched-
(MUS) for Ql|pmtn,prec|Cpax, i.e., schedules without unforced

less in which at any time the jobs being processed are assigned
1e fastest machines. It is shown that

c  Mus)/c* < Vm o+ =
max max 2

:xamples are given for which the bound vm-1 is approached ar-
irily closely.

5. Rlpmtn|Cpax

preemptive scheduling problems involving independent jobs on
.ated machines can be formulated as linear programming problems
.er & Labetoulle 1978]. For instance, solving R|pmtn|Cpax is
ralent to minimizing

C
max
:ct to
m .
Zl=1 xlj/plj "1 (J - 11---ln)l
m
< i =
Zi=1 le - cmax (3 Lreewimd)y
2 ox.. <cC (i =1,...,m,
j=1 "ij max
xij >0 (i=1,...,m, j =1,...,n).

1is formulation Xjj represents the total time spent by Jj on
fhe linear program can be solved in polynomial time [Khachiyan
], and a feasible schedule can be constructed in polynomial
by applying the algorithm for O|pmtn|Cpax, discussed in Sec-
5.2.2.

This procedure can be modified to yield an optimal schedule
no more than about 7m2/2 preemptions. It remains an open

zion as to whether O(mz) preemptions are necessary for an op-
L preemptive schedule.

For fixed m, it seems to be possible to solve the linear pro-
in linear time. Certainly, the special case R2|pmtn|Cpax can
>lved in O(n) time [Gonzalez et al. 19811].

We note that a similar linear programming formulation can be
1 for R|pmtn,ry|lpax [Lawler & Labetoulle 1978].
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7. Plpmtn,prec,rjILmax

ntn|Lpax and Plpmtn,rjlChax can be solved by a procedure due to
1 [Horn 1974]. The 0(n?) running time has been reduced to O(mn)
1zalez & Johnson 19801].

More generally, the existence of a feasible preemptive sched-
with given release dates and deadlines can be tested by means
1 network flow model in O(n3) time [Horn 1974]. A binary search
then be conducted on the optimal value of Lpzyx, with each
1l value of Lpyzx inducing deadlines which are checked for fea-
ility by means of the network computation. It can be shown that
s yields an O(n3min{n?,log n + log man{pj}}) algorithm
>etoulle et al. 1979]. ,

In the case of precedence constraints, the algorithms of
cker, Garey and Johnson for Plintree,pjzlleaX, P2 |prec,p4=1|Lmax
P2|prec,rj,pj=1|LmaX (see Section 4.2.2) have preemptive coun-
sarts. E.g., Plpmtn,intree|lpsx can be solved in 0(n?) time
nler 1980]; see also the next section.

.8. Qlpmtn,prec,ry|Lyax

the case of uniform machines, the existence of a feasible pre-
tive schedule with given release dates and a common deadline
be tested in O(n log n + mn) time; the algorithm generates
n) preemptions in the worst case [Sahni & Cho 1980]. More gen-
11y, Qlpmtn,ry|Cpax and, by symmetry, Q|pmtn|Lpax are solvable
O(n log n + mn) time; the number of preemptions generated is
n) [Sahni & Cho 1979B; Labetoulle et al. 19791].

The first feasibility test mentioned in the previous section
been adapted to the case of two uniform machines [Bruno &
zalez 1976] and extended to a polynomial-time algorithm for
pmtn,ry|Lyax [Labetoulle et al. 1979].

Most recently, Martel has found a polynomial-time algorithm
lemtn,rj[Lmax [Martel 1981]. This method is in fact a special
e of a more general algorithm for computing maximal poly-
roidal network flows [Lawler & Martel 1980].

In the case of precedence constraints, Q2|pmtn,prec|Lpzx and
pmtn,prec,rjILmaX can be solved in 0(n?) and O(nG) time, re-
ctively [Lawler 1980].

-9. Qlpmtn|zw4Uy

ary NP-hardness has been established for 1|pmtn|IwjUj (see Sec-

n 3.3.3) and P|pmtn|ZU4 [Lawler 1981]. For any fixed number of
form machines, lepmtn?ZWjUj can be solved in pseudopolynomial

e: 0(n2(Zw4)?) if m = 2 and O(n3™"5(Iw4)2) if m > 3 [Lawler 1981].
ce, Om|pmtn|IUj is solvable in strictly polynomial time.




’EN SHOP, FLOW SHOP AND JOB SHOP PROBLEMS

Introduction

w pass on to problems in which each job requires execution on
than one machine. Recall from Section 2.3 that in an open
(denoted by O) the order in which a job passes through the
.nes is immaterial, whereas in a flow shop (F) each job has
same machine ordering (Mi,...,Mp) and in a job shop (J) possi-
lifferent machine orderings are specified for the jobs. We

'y these problem classes in Sections 5.2, 5.3 and 5.4, respec-
Y.

We shall be dealing exclusively with the Cpax criterion.

> optimality criteria lead usually to NP-hard problems, such as:
02| |Lpax [Lawler et al. 19817,

O||ECj, OIpmtn[ZCj [Gonzalez 1979B],

F2||Lpax [Lenstra et al. 19771, F2|pmtn|Ly . [Cho & Sahni
197817,

F2[|ZCj [Garey et al. 19761, F3|pmtn|icy, J2|pmtn|ZCj
[Lenstra -J.

)le exceptions are O|pmtn,rj|Lpayx, which is solvable in poly-
11 time by linear programming [Cho & Sahni 1978], and O2||2Cj
‘2Ipmtn|ZCj, which are open.

Open shop scheduling

. Nonpreemptive case

:ase 02| |Cpax admits of an O(n) algorithm [Gonzalez & Sahni

|. A simplified exposition is given below.

For convenience, let aj = P13, bj = p2j. Let A = {leaj > bj},
Jjlay < by}. Now choose Jr and Jy to be any two distinct jobs
cher in A or B) such that

ar 2 maijeA{bj}, by 2 maXJjeB{aj}.

' = a-{Jy,J¢}, B' = B-{Jy,J¢}. We assert that it is possible
rm feasible schedules for B'U{Jg} and for A'u{J,} as indicated
.gure 2(a), the jobs in A' and B' being ordered arbitrarily.
ich of these separate schedules, there is no idle time on

:¥ machine, from the start of the first job on that machine to
:ompletion of the last job on that machine.

Let Ty = Iy aj, T2 = Lj by. Suppose Ti-ag 2 Tp-b, (the case

, < Tp-b, being symmetric). We then combine the two schedules
iown in Figure 2(b), pushing the jobs in B'U{Jg} on M2 to the
.. Again, there is no idle time on either machine, from the

: of the first job to the completion of the last job.

We finally propose to move the processing of Jyr on M2 to the
: position on that machine. There are two cases to consider.
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ay < Typ-b,. The resulting schedule is as in Figure 2(c). The
length of the schedule is max{Tj,T,}.

ay > To-by. The resulting schedule is as in Figure 2(d). The
length of the schedule is max{Ty,a,+b,}.
any feasible schedule we obviously have that

Chmax 2 max{T{,Ty,max4{aj+by}}.

ce, in all cases, we have met this lower bound, it follows that
schedules constructed are optimal.
There is little hope of finding polynomial-time algorithms
‘nonpreemptive open shop problems more complicated than
|Cmax- O3||Cmax is binary NP-hard [Gonzalez & Sahni 19761 and
rj|Cmax, 02| treelCpax and Ol |Cpax are unary NP-hard [Lawler et
1981; Lenstra -].
The special case of 03||Cpax is which maxj{phj} < minj{pjij}
some pair (Mp,Mj) (h # i) is likely to be solvable in polyno-
1 time [Adiri & Hefetz 1980].

.2. Preemptive case

result on O2||Cmax presented in the previous section shows
t there is no advantage to preemption for m = 2, and hence
pmtn|Cpay can be solved in O(n) time. More generally,
mtn|Cpax is solvable in polynomial time as well [Gonzalez &
mni 1976; Lawler & Labetoulle 1978; Gonzalez 1979A]. We had al-
dy occasion to refer to this result in Section 4.4.6.

J B' Al J
Ml 2 r
' A' J
M2 JR, B r
B' A' J
Ml Jl r
] Al J
M2 Jl B r
M J B' Al J
' 1 2 Y
\J ' Al
M Jr Po B
1 1 - J
| M1 Jl B A r
1 Al
M2 J Jl B




If release dates are introduced, OZIpmtn,rlemax is still
ible in O(n) time [Lawler et al. 1981]. As mentioned in Section
even O|pmtn,rj|LmaX is well solved [Cho & Sahni 1978].

Flow shop scheduling

F2|B|Chaxr F3!B|Cnax

1damental algorithm for solving F2||Cmax is due to Johnson

1son 1954]. He shows that there exists an optimal schedule in

1 J§ precedes Jx if min{pij,p2k} < min{p2y,p1x}. It follows

the problem can be solved in O(n log n) time: arrange first

jobs with p1y < p2j in order of nondecreasing p1j and subse-

:ly the remaining jobs in order of nonincreasing p2j-

Some special cases involve start lags llj and stop lags sz

Ty, that represent minimum time intervals between starting

5 on M1 and My and between completion times on M1 and Mp,

:ctively [Mitten 1958; Johnson 1958; Nabeshima 1963; Szwarc

]. Defining 24 = min{215-p14,224-p24} and applying Johnson's

cithm to processing times (p14+%5,p25+%3) will produce an

nal permutation schedule, i.e., one with identical processing

s on all machines [Rinnooy Kan 1976]. If we drop the latter

ciction, the problem is unary NP-hard [Lenstra -].

A fair amount of effort has been devoted to identifying

tal flow shop problems that can still be solved in polynomial
The crucial notion here is that of a nonbottleneck machine,
can effectively be treated as though it can process any number

obs at the same time. For example, F3||Cpax can be solved by

ying Johnson's algorithm to processing times (P1j+P2j:P2j+P3j)

axj{p25} < max{minj{p14},miny{p35}} [Johnson 1954]. Many other

ial cases appearing in the literature, including some of the
on ordered flow shops [Smith.et al. 1975, 1976], can be

i1ssed in this framework [Monma & Rinnooy Kan 1981; Achuthan

1.

The general F3||Cmax problem, however, is unary NP-hard, and

same applies to F2|ry|Cpayx and F2|tree|Cpay [Garey et al. 1976;

tra et al. 1977].

It should be noted that an interpretation of precedence

traints which differs from our definition is possible. If

' Jk only means that Ojj should precede Ojkx for i = 1,2, then

ree' |Cpax can be solved in O(n log n) time [Sidney 1979]. In

, Sidney's algorithm applies even to series-parallel precedence

traints. The arguments used to establish this result are very

lar to those referred to in Section 3.3.1 and apply to a larger

s of scheduling problems [Monma & Sidney 1979]. The general
F2|prec'|Cnax is unary NP-hard [Monma 1980].

Gonzalez, Cho and Sahni [Gonzalez & Sahni 1978A; Cho & Sahni

] consider the case of preemptive flow shop scheduling. Since

mptions on M{ and Mp can be removed without increasing Cnax,

son's algorithm solves F2|pmtn|Cpax as well. F3|pmtn|Cpax and

mtn,rlemaX turn out to be unary NP-hard.




25

.2. FllCpax

a general result, we note that there exists an optimal flow
p schedule with the same processing order on M; and My and the
e processing order on Mp-1 and My [Conway et al. 1967]. It is,
ever, not difficult to construct a 4-machine example in which a
"passes" another one between My and M3 in the optimal schedule.
ertheless, it has become tradition in the literature to assume
ntical processing orders on all machines, so that in effect
y the best permutation schedule has to be determined.
Most research in this area has focused on enumerative methods.
usual enumeration scheme is to assign jobs to the f2-th posi-
n in the schedule at the 2-th level of the search tree. Thus, at
ode at that level a partial schedule (J5(1),-.-,Jg5(g)) has been

med and the jobs with index set S = {1,...,n} - {0(1),...,0()}
candidates for the (2+1)-st position. One then needs to find a
er bound on the value of all possible completions of the partial

edule. It turns out that almost all lower bounds developed so
are generated by the following bounding scheme [Lageweg et al.
8].
Let us relax the capacity constraint that each machine can
cess at most one job at a time, for all machines but at most
', say, My and My (1 £ u £ v < m). We then obtain a problem of
eduling {J5|j € S} on five machines Niy,Mu,Nuv,My,Nyx in that
er, which is specified as follows. Let C(o,i) denote the com-
tion time of Jg(g) on Mj. N4y, Nyy and Ny have infinite capac-
'; the processing times on these machines are defined by

P .}I

. u-
q = maxlSiSu{C(O'l) + Zh h3

1
*u]j =i
_ Zv—l
Luvy h=u+l Phj’

Ly h=v+1 Phj-

and My have capacity 1 and processing times pyj and pyj, respec-
rely. Note that we can interpret Ny as yielding release dates
1j on My and Nyyx as setting due dates ~Qy%j on My, with respect
which Lpzy is to be minimized.

Any of the machines Nyuy,Nyy,Nysx can be removed from this
blem by underestimating its contribution to the lower bound to
the minimum processing time on that machine. Valid lower bounds
» obtained by adding these contributions to the optimal solution
.ue of the remaining problem.

For the case that u = v, removing N,; and Ny, from the problem
yduces the machine-based bound used in [Ignall & Schrage 1965;
lahon 19711]:

) + i ]
maxlSuSm{mlnjeS{q*uj} Zjes Py + mlnjes{qu*j}}

sjoving only Ny, results in a 1||Lpax problem on My, which can be




:d by Jackson's rule (Section 3.2) and provides a slightly
1ger bound.

If u # v, removal of N4, Nyy and Ny, yields an F2||Cpax

lem, to be solved by Johnson's algorithm (Section 5.3.1). As
ced out in that section, solution in polynomial time remains
tble if Nyy is taken fully into account; the resulting bound
1ates the job-based bound proposed in [McMahon 1971] and is
>est one currently available.

All other variations on this theme (e.g., taking u = v and
ldering the resulting 1|rj|Lyax problem) would involve the
:ion of NP-hard problems. The development of fast algorithms
:rong lower bounds for these problems thus emerges as a possi-
Iruitful research area.

An alternative and somewhat more efficient enumeration scheme
:s 1980A] builds up a schedule from the front and from the

at the same time. The adaptation of the above bounding scheme
1is approach is straightforward.

The computational performance of branch-and-bound algorithms
"| |ICmax might be improved by the use of elimination criteria.
.cular attention has been paid to conditions under which all
-etions of (Jg(1),...,J5(2),J§) can be eliminated because a
lule at least as good exists among the completions of
_),...,JO(Q),Jk,Jj). If all information obtainable from the
*'ssing times of the other jobs is disregarded, the strongest
-tion under which this is allowed is as follows. Defining Ay =
j,1)-C(0j,i), we can exclude Jj for the (2+41)-st position if

max{Aj-1,A;} < Pij (i =2,...,m)

thon 1969; Szwarc 1971, 1973]. Inclusion of these and similar

1ance rules can be very helpful from a computational point of
depending on the lower bound used [Lageweg et al. 1978]. It

e worthwhile to consider further extensions that for instance,

.ve the processing times of the unscheduled jObS [Gupta & Reddi
Szwarc 1978].

wch has been done in the way of worst-case analysis of approx-

.on algorithms for F||Cpsx. It is not hard to see that for any
re schedule (AS)

* < 3
CmaX(AS)/Cmax < maxi,j{pij}/mlni,j{pij}' (1)
tlez and Sahni [Gonzalez & Sahni 1978A] show that

C (AS)/C* < m. ) ()
max max

bound is tight even for LPT schedules, in which the jobs are
‘ed according to nonincreasing sums of processing times. They
give an O(mn log n) algorithm H based on Johnson's algorithm
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1.

thus appears that, in general, the obvious algorithms can
'iate quite substantially from the optimum.

Cmax(H)/Cr’;lax = r

NI g

.3. No wait in process

a variation on the flow shop problem, each job, once started,
i to be processed without interruption until it is completed.
S no wait constraint may arise out of certain job characteristic
g., the "hot ingot" problem in which metal has to be processed
continuously high temperature) or out of the unavailability of
ermediate storage in between machines.

The resulting F|no wait|Cpayx problem can be formulated as a
veling salesman problem with cities 0,1,...,n and intercity
‘tances

i-1 }

i
R Pnj ~ Ih=1 Ppk

c (3, k =0,1,...,n),

ik~ M F1<i<n
re pio = 0 (i = 1,...,m) [Piehler 1960; Reddi & Ramamoorthy
2; Wismer 1972].

For the case F2|no wait|Cpax, the traveling salesman problem
umes a special structure and the results from [Gilmore & Gomory
4] can be applied to yield an 0(n?) algorithm [Reddi &
\amoorthy 1972]. F4|no wait|Cpax is unary NP-hard [Papadimitriou
anellanis 1980], and the same is true for 02|no wait|Cpax and
no wait|Cpax [Sahni & Cho 1979A]. In spite of a challenging
ze awarded for its solution [Lenstra et al. 1977],
no wait|Cpax is still open.

The no wait constraint may lengthen the optimal flow shop
edule considerably. It can be shown [Lenstra -] that

C* (no wait)/C* <m form > 2. (+)
max max

. Job shop scheduling

.1. leslcmaxl J3lB|Cmax

‘implerextension of Johnson's algorithm for F2||CmaX allows
ution. of J2|my<2|Cpay in O(n log n) time [Jackson 1956]. Let
be the set of jobs with operations on Mj only (i = 1,2) and Jhi
+ set of jobs that go from Mp to Mj (hi = 12,21). Order the
ter two sets by means of Johnson's algorithm and the former two
S arbitrarily. One then obtains an optimal schedule by executing

jobs on Mj in the order (J13,J1,J21) and on My in the order
1.J2.,J12).

Another special case, J2lpij=1|CmaX, is solvable in O(n log n)
e as well [Hefetz & Adiri 1979].

This, however, is probably as far as we can get. J2|ij3|Cmax
- J3|m§<2|Cpax are binary NP-hard [Lenstra et al. 1977; Gonzalez




shop problem, represented Job shop schedule, represented
disjunctive graph as an acyclic directed graph

e 3

ni 1978a1, J2|p;4e{1,2}|Cpayx and I3|p;j4=1lCy,x are unary NP-
[Lenstra & Rinnooy Kan 1979], and these results are still
if preemption is allowed.

’. J||Cnax

jeneral job shop problem is extremely hard to solve optimally.
idication of this is given by the fact that a 10-job 10-machine
lem, formulated in 1963 [Muth & Thompson 1963], still has not
solved.
A convenient problem representation is provided by the dis-
-ive graph model, introduced by Roy and Sussmann [Roy &
nann 1964]. Assume each operation Ojj being renumbered as Oy
u = Zi;lmk + i and add two fictitious initial and final oper-
1S O0 and O, with Pg = Px = 0. The disjunctive graph is then
1ed as follows. There is a vertex u with weight py correspond-
to each operation Oy. The directed conjunctive arcs link the
acutive operations of each job, and link O, to all first oper-
1s.and all last operations to O,. A pair of directed disjunc-
arcs connects every two operations that have to be executed
1e same machine. A feasible schedule corresponds to the selec-
of one disjunctive arc of every such pair, granting precedence
1e operation over the other on their common machine, in such a
that the resulting directed graph is acyclic. The value of the
Jule is given by the weight of the maximum weight path from O
We refer to Figure 3 for an example.
At a typical stage of any enumerative algorithm, a certain
2t D of disjunctive arcs will have been selected. We consider
directed graph obtained by removing all other disjunctive arcs.
the maximum weights of paths from O to u and from u to *,
uding py, be denoted by ry and gy, respectively. In particular,
s an obvious lower bound on the value of any feasible schedule
inable from the current graph [Charlton & Death 1970]. We can
a far better bound in a manner very similar to the development
low shop bounds in Section 5.3.2 [Lageweg et al. 1977].
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Let us relax the capacity constraints for all machines except
We then obtain a problem of scheduling the operations Oy on Mj
h release dates ry, processing times Pu, due dates -gy and
cedence constraints defined by the directed graph, so as to
imize maximum lateness. As pointed out in Section 3.2, this
rec,rjILmax problem is NP-hard, but there exist fast enumerative
hods for its solution on each Mj. Again, almost all lower bounds
posed in the literature appear as special cases of the above
by underestimating the contribution of ry, gy or both, by

oring the precedence constraints, or by restricting the set of
hines over which maximization is to take place.

The currently best job shop algorithm [McMahon & Florian 1975]
olves the 1|rj|Lmax bound combined with the enumeration of
ive schedules. Starting from Og, we consider at each stage the
set S of operations all of whose predecessors have been sched-
d and calculate their earliest possible completion times ry+py.
can be shown [Giffler & Thompson 1960] that it is sufficient to
sider only a machine on which the minimum value of ry+py is
ieved and to branch by successively scheduling next on that
hine all Oy for which ry < minpgges{rytpy}. In this scheme,
eral disjunctive arcs are added to D at each stage. An alterna-
e approach whereby at each stage one disjunctive arc of some
cial pair is selected leads to a computationally inferior
roach [Lageweg et al. 1977].

Surrogate duality relaxations of the job shop problem are
estigated in [Fisher et al. 1981]. Either the precedence con-
aints fixing the machine orders for the jobs or the capacity
straints of the machines can be weighted and aggregated to a
gle constraint. For fixed values of the multipliers, the result-

problems can be solved in (pseudo)polynomial time. Although
s approach leads to stronger lower bounds, it appears to be too
i consuming to have much computational value.

far as approximation algorithms are concerned, the performance
rantees due to [Gonzalez & Sahni 1978A] for flow shop algorithms
and LPT (see Section 5.3.2) also apply to the case of a job
rp_

A considerable effort has been invested in the empirical test-
- of various priority rules [Gere 1966; Conway et al. 1967; Day
lottenstein 1970; Panwalkar & Iskander 1977]. No rule appears to
consistently better than any other and in practical situations
» would be well advised to exploit any special structure that
» problem at hand has to offer.

CONCLUDING REMARKS

one thing emerges from the preceding survey, it is the amazing
:cess of complexity theory as a means of differentiating between
5y and hard problems. Within the very detailed problem




sification developed especially for this purpose, surprisingly
>pen problems remain. For an extensive class of scheduling
lems, a computer program has been developed that classifies

2 problems according to their computational complexity

2weg et al. 1981A, 1981B]. It employs elementary reductions

as those defined in Section 2.7 in order to deduce the conse-
ces of the development of a new polynomial-time algorithm or a
JP-hardness proof.

As far as polynomial-time algorithms are concerned, the most
:ssive recent advances have occurred in the area of parallel
tne scheduling and are due to researchers with a computer

1ce background, recognizable as such by their use of terms
tasks and processors rather than jobs and machines. Single
ine, flow shop and job shop scheduling has been traditionally
lomain of operations researchers; here, an analytical approach
1e performance of approximation algorithms is badly needed.
Several extensions of the problem class considered in this
appear to be worthy of further study. A quite natural one
-ves the presence of additional limited resources, with the
:rty that each job requires the use of a part of each resource
1lg its execution. These problems turn out to be fairly compli-
1. We refer to [Davis 1966, 1973] for surveys and extensive
-ographies on resource constrained project scheduling, to
tewicz et al. 1980] for a partial complexity classification of
problem class, and to [Garey & Johnson 1981] for the famous
.al case of bin packing models.

More fundamentally, the strictly deterministic character of
10dels represents one of their major shortcomings. The 1nvest1—
m of their stochastic counterparts is of obvious interest and
3 the subject of several contributions to this volume.

The area of deterministic sequencing and scheduling has

jed as one of the more fruitful interfaces between computer
iIce and operations research. Proper consideration for the
:ical relevance of further theoretical work should continue to
it a challenging research area for many years to come.
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